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Abstract —A semi-infinite crack grows due to stress wave diffraction in a weakly-coupled thermo-
clastic solid. A rudimentary inclastic zone at the crack edge acts both as a heat flux site and as a
crack-blunting mechanism. The transient analysis is first-step in the sense that constant crack/zone
extension speeds are considered, and the material properties do not themselves vary with
temperiture.

The a priori unknown heat flux in the zone, the temperature response at the zone edge, the
crack opening displicement and the rate of energy production in the zone are studied in the period
right after fracture/zone mitiation.

These expressions show that the applicd (incident wave) stress should exceed the value necessary
for zone formation predicted by a non-thermal analysis. The zone edge temperature increases rapidly
at first, but then begins to fevel off in the same range of values noted for steady-state analyses at
the time limit of the model’s validity. The temperature rise varies inversely with zone growth rate,
while the crack opening and energy production rate vary directly.

I. INTRODUCTION

Analytical, numerical and experimental results (Weichert and Schoenert, 1974 ; Parvin,
1979 ; Zehnder and Rosakis, 1991) indicate that significant temperature rises can oceur
during fracture. Because 90% of plastic deformation energy goes into heat (Taylor and
Quinney, 1934) these temperature rises are associated with inclastic zone formation at the
crack edges.

Studics, such as those cited above, often treat steady-state crack growth. In contrast,
we are interested here in rapid, nearly brittle fracture under dynamic loading during the
period right after initiation. A rudimentary elastic zone acts as a heat flux site on the
boundary of a weakly-coupled thermocelastic solid (weak coupling will be defined later).

The solid is unbounded, the crack is semi-infinite, and the dynamic loading is provided
by stress wave diffraction. As in studies such as those by Rice and Levy (1969) and Williams
(1972), the inclastic zone will have a Dugdale (1960) gecometry, and will cause crack blunting.
However, the zone heat flux is not a priori fixed, and the fracture and heat energies are not
necessarily the same. A transient two-dimensional analysis is performed, and nearly exact
results obtained for short times after fracture/zone growth initiation. As a first step, a simple
heat flux model and constant, subcritical crack and zone extension rates are treated.

Symmetry will be invoked to reduce the analysis to a mixed boundary/initial value
problem in a half-plane. Therefore, in the next section, the general problem of a fully-
coupled thermoclastic half-planc is examined, and integral transforms for the weakly-
coupled case extracted. Boley and Tolins (1962) have, of course, considered the half-plane
problem. Here, however, the focus will be on transform expressions of particular use in
mixed problems.
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2. TRANSIENT STUDY OF THERMOELASTIC HALF-PLANE

Consider the half-plane y > 0. where (x, v) are Cartesian coordinates. For s < 0. where
s = (time x dilatational wave speed. r ). the half-plane is at rest in a uniform temperature
field Ty (°K). For s > 0. we define 0 as the change in temperature from T, and u(x,v.s)as
the change in the rest value of the i-displacement, where i = (x. v). That is,

(,.0)=0 (1)

for y > 0, s < 0 while. by linear superposition. the governing equations

(m* = DA, +Vu,+p0, —mii, =0, i=(x.r) (2a)
K_. : .
AR }9+ﬂr.,p,A -0 (2b)
and
1 s <
ﬁa,, = [BO+ (m" =2)A)0, + 2, +u,,).  (Lj) = (x.}) (3)

hold for y > 0, s > 0. Here o, denotes identical indices, and
m=rv/vy>1, f=p,4=3m") <0 {4)

where ff has the dimensions of inverse temperature ('K '), The symbol V7 is the Laplacian
operator, A is the dilatation, () denotes s-differentiation and (), denotes i-differentiation,
The material constants (ff,, K, pt, v, ¢,) are, respectively, the coctlicient of lincar expansion,
the thermal conductivity, the shear modulus, the rotational wave speed, and the specific
heat at constant deformation. Equations (2) are valid (Boley and Weiner, 1960) under the
assumption that 0] « |T,| almost everywhere.

To solve (1) and (2), the unilateral and bilateral Laplace transforms

F= J f&)ye ds, F*= J F(x)e ™M dx (5a,b)
0 L

(Sneddon, 1972) are applied, where p here can be treated as real and positive but ¢ is, in
general, complex. Under the rcasonable assumptions that (u,,0) are continuous across
elastic wavefronts, and vanish as /(x*+y?) — = for finite 5, (2) and (1) reduce to the
symmetric coupled ODE set

F=mipiag  (m’—)pyl Bry U
(m*=)pgd m* & =pb; it Url -9 (6)
By pe ,’)(c +pig*) =7 | | O

where d denotes p-differentiation and

. K

7= W, ay = J(1—=q%, bo=J(m —q7). (7N
11

Cl-'
70T 35
viTy’

Here Re(aq. bo) 2 0 in the g-planes cut along Im(gq) = 0. |Re(g){ > (1./m). Solutions
bounded for v > 0 and valid for /ip > 1 are
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L’V“ = Be‘Pbo_;'+A£X+A e-Pd,}'+X’Ce—pa_y (8a)

Li,‘ = g—Be-ﬂh;.,t'+AE Y.Ae P4 Y Ce ¥ (8b)
0

O* = AEA e—pa,_r+C e Pa-¥ (8c)

where (A4, B, C) are arbitrary functions of (p.q) and, for the case hp < 1, the subscripts +
are interchanged. In either case,

2 Q. 2y (@2—a jmK
g ey P Xy B oarr@oaimIR.
Bqthp—1) ep m-—M; epa.. m°— M3
1 I, s s
Q. =s+<m: —])K:. K, =;M;—l. a, = /(M -¢°) (9b)
1 . s
T = in ML=+ +o+ /G = (1 +8)1) +er) (9¢)
where Re (¢,) = 0 in the g-planes cut along Im (q) = 0, {Re (¢)] > M, and
¥ L (BY
h=1_ g=— (l‘) . (10a.b)
7o To \M
Here / is the thermoclastic characteristic length, and the dimensionless parameter ¢ is the

coupling constant (Chadwick, 1960 ; Achenbach, 1973). For many thermoclastic materials
£ < 0(10 %), and it is noted that here it often occurs—such as in the key parameter M, —
in sums or differences with dimensionless numbers of 0(1). We here, therefore, define a
weakly-coupled thermoclastic solid as one for which ¢ in such circumstances is viewed as a
perturbation and can be neglected. By starting with M, | it can then be shown that so long
s

hp+1
. |
Se<0(l), S =)’ (an
an excellent approximation to (8) for both (hp > 1, hp < 1) is
Bah
* — Be~Phor =gy o -pryy
U, € +Ae +m:(hp_l)Ce (12a)
oo Y pere_ Yy P 2
U, h”BL (IAL mz(hp_l)Cc (12b)
@*=Ce M (12¢)
where (A, B, C) arc as before, while
% =/ (t—¢7) (13)

and Re (2,) > 0 in the planc cut along Im (¢) = 0, [Re (¢)] > /.

The results (12) are identical in form to those that would be obtained if (6) were solved
after dropping the fi-terms in the bottom row of the matrix. That is, the f-term in the
temperature diffusion equation (2b) can be ignored. Thus, the temperature field in a weakly-
coupled thermocelastic solid affects the kinematical field equations, but not vice-versa. Such
behavior is analogous to that for a solid in elastostatics (Boley and Weiner, 1960). The a,-
terms in (12) suggest that the weakly-coupled solid propagates standard (Achenbach, 1973)
dilatationai waves.
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hp

Fig. 1. Transform variable expansion parameter.

A plot of S vs ip = 0 in Fig. I shows that for &« ~ 0(10 %), (11) is satisfied except in a
range roughly defined by 0.75 < iip < 1.25. Thus, (12) is an adequate double transform
representation for very small and very large values of Ap. From the Abelian theorems of
Laplace transforms (Noble, 1958 ; Sneddon, 1972) it follows that the functions themselves
should be very accurate for short and long times. The former situation is, as noted at the
outset, of interest to us here.

With the mathematics of the weakly-coupled solid established. the crack problem can
be attacked. However, it will be more convenient to work with the coordinates (&, v, 8),
where

E=x—0es. u =, (1da.b)

and ¢ is a constant speed non-dimensionalized with respect to ¢ For the weakly-coupled
solid, (2) is in view of (7) and (10a) replaced by

(= DA+ Vi + B0, —m (i, = 2cti, .+ ) =00 i=(50) (15u)

W0+l ~0 =0 (15b)

where (A, V°) are now defined in terms of (E,3). As seen in (15), the transformation
(14a) preserves three independent variables (£, v, ). Similar transformations (Sneddon and
Lowengrub, 1969) lead to steady-state equations in the two variables (3. 1) by suppressing

s-derivatives.
Double transforms are now with respect to (Z,s), and (5b) is replaced by

F*=J F(&ye M de. (16)

In view of (1), the application of (5a) and (16} to (15) gives

it
Ur = Be ™ ade ™+l com (17a)
* mepla” —27)
Ur=lgem_Sqem__ T com (17b)
¥ b q mpla® —a°)
@*f = C¢ ™ (17c¢)

wherc now
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a=Jl(1-cg)~¢'} b=JIm(l-cq)~¢l. 2={[c(l-cq)=q"] (13
and Re(a. b,2) = 0 in planes with the branch cuts

a: Im(q)=0. i_.>Re(9).Re(g)>i,: i.==x1/(1%c) (19a)

b: Im(g)=0. m_>Re(q.Re(g)>m,: m, = xm/(ltmc) (19b)
[—%\/rt\/(l-&-%r)]. (19¢)

Clearly, (12) is recovered when ¢ = 0. The sequel will call for the double transforms of the
tractions (o,.0,). These expressions can be obtained from (3) with x replaced by ¢, (16)
and (17) as

-

a: Im(g)=0. 7_>Re(q).Re(q)>1,; r:=\/

:7 It = —p %/ Be ™ —2pad e P — ,7,1(%2‘%2_) Ce (20a)
}l TH= —2pqBe ™ 4p I:A e 4 F»é‘-fé?-j Cerm (20b)

where
N=m*(l—cq)*-2q¢". (21)

The crack problem is stated in the next section. [t will be seen that, despite the weak field
equation coupling, determination of ¢ does depend on &, because of inelastic zone-itmposced
boundary conditions.

3. THE CRACK PROBLEM

Consider the semi-infinite crack » = 0, ¥ < 0 in an unbounded, weakly-coupled solid.
For s < 0, equilibrium exists for a uniform temperature field T,. That is, the undisturbed
crack is essentially closed, so that a uniform temperature field is possible. A plane dila-
tational wave defined by

s-y

u, =0, ;un:uy = - J- a()dt, s=y (22)

0

is, however, traveling through the material at right angles to the crack plane. Here o is the
traction ¢, generated a distance ¢ behind the wavefront, When (2b) with the -term dropped
or (15b) hold. it is easily shown that (22) is associated with the constant 8, which we will
take to be zero. At s = 0, the wave reaches the crack, and is diffracted at its edge.

We assume that almost instantancously the:crack extends along the positive x-axis,
and that a vanishingly thin elastic zone forms simultaneously ahead of it. The geometry of
the diffraction/fracture process and the accompanying wave pattern are shown schemati-
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Fig. 2. Crack propagation provess and associated wave pattern.

cally in Fig. 2. There (c.¢o) are the constant. subcritical speeds of the inclastic zone and
crack edge. non-dimensionalized with respect to ¢, where

Cy < ¢ < 0y (23

and cg is the non-dimensionalized Rayleigh wave speed.

Although the inclastic zone is close to vanishing, it behaves as a perfectly plastic
material (Dugdale, 1960). Therefore, since the plane wave (22) induces no shear o, in the
plane of the zone, we should have

r=0" epv<x<est g, =00, =Y (24

where Y is the yield stress. 11 indeed a significant temperature rise occurs, then Y should
vary inversely with ¢ (Boyer and Gall, 1985). For mathematical simplicity in this first-step
analysis, we keep Y oconstant. Because the inclastic zone acts as a heat flux site, we expect
that

yr=0+, cpw<x<es: = +(x—cys) (25)

where i, is the flux function, and must be determined. As a first step, dependence only on
the distance from the crack edge has been assumed.

The solution for this problem can be viewed as the sum of the plane wave field (22)
(with 0 = 0) and the T-induced static field with the (u,, ¢#) resulting from the removal of
the (22)-induced tractions from the surfaces of an identical crack growing in an initially
undisturbed solid. Since the former two fields are, in effect, known, attention focuses on
the traction removal problem: this problem exhibits crack plane symmetry, so that only
the half-plane > 0 need be considered by imposing, in view of (22), (24) and (25}, the
conditions

o, =0, o,=TYHx—cys)—o()(x <cs), u, =0(x2cs) (26a)

CO = f(x—cps¥eps < x <o), 00 =0(x 2 s, x < cys) {26b)
along v = 0, where F( } is the Heaviside function. Fory > 0,5 € 0,
(4, ,0) =0 Q7N

while for (1.5) > 0. (2} and (3) hold, with the f-term in (2b) suppressed. In addition,
wavefront continuity and boundedness as \/(x* +y°) = » for finite s for (.. 0) is expected.

To study this problem, we employ the Wicner-Hopf (Noble, 1958) technique. There-
fore, (14) is introduced, and (15) becomes the field equation for (i, 5) > 0. Conditions
{26a.b) take the form
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CO=yY(s+kIHHGS+EE), u,=u_(E,9)H(=23) (28a.b)
6, = YH(s+kI)—o(sIH(=3) +a (EHG—VvOH(E). o = 0 (28c.d)

where v is a vanishingly small, dimensionless positive constant, and

k= i dc=c—cy. Yo(s)=yY(ks), u_(0—,5)=0. (29a-d)

Here (o..u_) are. respectively, the unknown traction o, in the crack plane ahead (¢ > 0)
of the inelastic zone, and the unknown u, induced for y = 0, £ < 0 by the crack opening
and inelastic zone displacement discontinuity. Their introduction allows conditions on all
four quantities (o:,.0,.60.1,) to be stated everywhere on y = 0. The restriction (29d)
recognizes that the inelastic zone displacement discontinuity vanishes at the zone edge. The
argument of the Heaviside function with ¢, recognizes that part of this traction radiates
from the inelastic zone edge as elastic waves (Achenbach, 1973) while part is, due to the
parabolic nature of (15b). established everywhere instantaneously, but decays exponentially
for finite s as |&| = x (Carrier and Pearson, 1988). That is, o, can be viewed as essentially
zero at some time-dependent finite distance away from the crack edge. [t will be seen that
v actually does not appear in the solution.
Application of (5a) and (16) to (28) yiclds the double transform conditions

W Y z
(O* = L UF=U*, Er= o 423 EE =0 (30u-d)
pltk—q) ptk—q)  py -

along 1+ = 0. The right-hand side of (30a) and the first term in (30c¢) are analytic for
Re (¢) < k, while the right-hand side of (30b) and the second term in (30c¢) are analytic for
Re(¢) < 0. The last term in (30¢) is analytic for Re(¢) > —v. Double transforms that
satisfy wavefront continuity, boundedness, (28) and the ficld equations (15) for y > 0 have
already been obtained. Therefore our problem can be solved merely by identifying the
paramcter ¢ in those results, (17) and (20), with the dimensional zone speed ¢ here, and
then enforcing (30). If for the moment W is treated as given, then (17) and (20) contain
three arbitrary parameters (A4, B, C), while the four conditions imposed by (30) involve the
two unknowns (U*, 2*). Equations (30) can be used, therefore, to eliminate (4, B, C) and
reduce the analysis to the single Wiener-Hopf equation

BN (1—cq)® ¥ , (1—cq)? Y T, ) :
paR z2+a k—q+ma UR Pz(k—q)+[—;5+2* = —pU? (31

for (U*.Z*). Here
R = d4q4*ub+ N* (32)
is a form of the Rayleigh function, with zeroes at ¢ = n, , where
n, = +af(ltnc), n=1ljcg. (33)

4. SOLUTION OF WIENER-HOPF EQUATION

The regions of analyticity noted earlier show that various terms in (31) are analytic in
certain areas of the ¢-plane. This suggests that (31) be rewritten in such a way that the two
sides of the equation are analytic in overlapping half-planes. As a first step toward achieving
this end. we note (Freund. 1971) that R can be written as
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R .
{'{:‘C‘q?='ﬁG’(Q)(q~n_)GM{q)(q~n‘) (34)

where

b= R0, Ry(0) =4J(1=c)y (1=mie) = Q=mY (350)

" Q dr
IngG. S — 5
nin G.(¢) fi { e (35b)
1 Fct =4
4t
Q=tan"' M Nol(t) = m* =212, (35¢)
N8

The first pair of g-dependent terms on the right-hand side of (34) is analytic for Re(g) > n .
while the last pair is analytic for Re(¢) < n.. Similarly,

a=a,a , a,=J(1-cqtq) (36)

where the fuctors ¢, arc analytic in, respectively, the half-planes Re(¢) > i and Re(g) < i, .
In view of (34) and (36}, (31) becomes

—-mia, .G ma, by Y Yy
R ¢ = p —nYU* A N T 3
uG . (g—n ) P a (g=ns) +up(i*(t[~—n )l:q +[)(/\'-t[):' p* PG

where

p= N (‘,‘* 1) 38
T th-) (' ~a>) G (q—n )\ 2 a_ ) (38)

The left-hand side of (37) and the first term on the right-hand side are analytic for,
respectively, Re(g) > —v, Re(g) < 0. The remaining terms can also be expressed as the
sums of functions with overlapping half-planes of analyticity, either by inspection or by
adopting a formal decomposition procedure (Noble, 1938). The result is

——mf:fi . nfz{ a. . | :!+ Jis g
WG (g—n.)"" ppg |G (g—n) n GO p
mY a, a. (k) ) m'z
O L6 P e YU
up~(k—q) [G,(q—ﬁz y G (kYk—n _}} *G u g=n.) wpgnG {0

mY a, (k) i
+ s e s e (Pl P, 39
ppitk—q) G (Kyk—n_) p° ( 59

Here, the g-dependence of (¢, .G, ) is understood unless specified otherwise. and the form
of P, depends on where the branch points 7, are in relation to the other branch points
and singularities of P. For the case Aip » | which is of interest here, we have i . < 1_ <0,
0 < 1, < k and, therefore
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p. - j‘l P,(w)dw J’m P(w)dw nP,(n) o)

wtg(l—cw)  Ji wg(l—cw)  n+q(l—nc)
In (40)
1 dc(1=ne)/ (1 —=w)/(1~cw)’ 1
Pw)=F. (E) No T eomF- (n—mal[e(l —ow)—1] G
L 4dsc wi(w+n)F, 1 [J(w»—l) 1 ] .
P‘(“)=1—ncN"'“”'b"(i-cow)D[z(i—cw)-uF (1) Y +\/(w+l) o
*\¢

| J(1=nc)® 1 [\/(n—-l)_ 1 ] i
Pulm) = No(m)ocE (e) (= come—n) T F- () Lla(=m ~ J(a+ 1) e

where

" Qdt

Dﬂlel-, n in F:t(“‘)’: - , l—'i—'“;‘v'

{42a.b)

and the w-dependence is understood unless specified otherwise. In writing (41), the effects of
the speed parameters (¢, ¢) were made more explicit by using (29a), appropriate intcgration
variable changes and, from (35b) and (42b), the relation

I
oio- () ()

The (L%, ¥)-terms on the lefi-hand side of (39) are analytic in, respectively, the regions
Re{g) > (—v,t.), while the (I, Y)-terms are analytic for Re(g) > i_. On the right-hand
side, the (U*, £)-terms are analytic for Re(g) < 0 while the (Y, \¥)-terms are analytic for,
respectively, Re(g) < (k,1,). That is, the left- and right-hand sides of (39) are analytic in
the overlapping half-planes Re(q) > —v and Re(g) < 0. They can then be viewed as
the analytic continuations of the same entire function. The Abelian theorems and (30b)
demonstrate thatfory =0, =0~

U, ~ lim pqU* 4

but (29d) implies that the left-hand side of (44) is zero. Therefore, U* must behave as0(g ™)
when [g] = 0. A check of cach term then shows that the right-hand side of (39) vanishes
when |g| — o0. Thus, the entire function is bounded for all ¢, and Liouville’s theorem states
that such functions must be constant. Both sides of (39) are zero, therefore, and can be
solved separately for (Z*, U*).

5. CRACK PLANE STRESS AND AN EQUATION FOR ¢

With (Z%, U*) available, the transformed crack problem is now in essence solved for
hp >» 1. A solution to the problem itself valid for small s can be obtained by inversion of
these transforms. Of particular interest is the crack plane traction o, very near the inelastic
zone edge (¢ ~ 0+). For this case, the Abelian theorems imply that knowledge of £* for
large lq} is sufficient. From (35)-(41) it can be shown that



9382 L. M. BrucK er i

b4 z Yau_(k
::~{”ﬂ‘ Po+ LAY } ' (45)
mp n.G.(0) pG_(k)(k—-n_) Py (1=0)q
for large ¢, where
| d . 4] d .
Py = [ P(w) —— + [ Pi(w) — + P,(n) (46)
S l—cew =}y l—ew 1 —nc
The inversion operations tor the transforms (16) and (3a) are
Foy =L | Preridg. fis) = L Fer dp (47a.b)
= i Jr, oY i Jr, )
(Sneddon. 1972). Here I, is a continuous path from Im(¢) = — x to Im(g) = o that lies

to the right of singularities and non-analytic behavior of F, while the contour I, can here
be taken along the left-hand side of the Im(g)-axis. Substitution of (47a) and deformation
of the " ,-contour by usc of the Cauchy theorem to a path around the branch cut Im(g¢).
Re(g) < 0 of T* gives an integral that can be performed with standard tables (Peirce and
Foster, 1957). The result 1s

' ppv (N =n0E (] |
o x\/’p\/(l—c) m:pl“+r <(> nl, () —F <(.>\/(l'(u)

(1 —nc) Y\/(S(' I

X 5 (
2 < 1 >“ —comp \/(ns)
Cy

for & ~ 0+, We have again made (¢, ¢y) more explicit through the use of (29a) and (43).
Because the field (22) and that induced by 7', are well-behaved everywhere, (48) indicates
that the inelastic zone edge stress is singular. Indeed, the 1/./&-coefficient in (48) is the
transform of the dynamic stress intensity factor. For crack blunting to occur (Dugdale,
1960), this factor must vanish, so that (48) gives the result

48)

1 |l —ne

= K - o 7 49
= () wppof_0) TP (49)

valid for ip » |, where

n\/'()'c

o
(I —com)F < )
Cy

Indeed. because we are interested in inclastic zone response right after fracture initiation,
a W valid for sip ~ = suffices. To extract this expression is tedious, due to the factor P,.
Nevertheless, it can be shown that

) = F,,(O)\/(I —¢y) (50)

1 1
W~ ‘-~—j~f—-~~— (I — ) (Y —pZ). (51)
pfiIn / (hp) oc¢ hp

By using (47b) and the convolution theorem, the inverse of (51) is obtained as
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upoc @Y "fis—nl 79 g :l 2
E—lﬁ(s) ~ -5 Lo+ ‘[) L(s 1)[ m o0 de (52)
where ¢, in (25) follows by replacing s with (x—c¢s)/dc, and

* du e
Lo = f U (n by e &)

can be written in terms of tabulated functions (Gradshteyn and Ryzhik, 1980). Equations
{25). (29¢). (50) and (52) show that the heat flux generated in the inelastic zone right after
fracture initiation varies inversely with zone growth rate dc, and appropriately vanishes at
the crack edge.

With (52), the crack problem for small s is essentially solved to within determination
of the dimensionless speeds (c,c,). That requires a thermodynamically-based fracture
criterion, but we can still study the temperature field # for small s by treating (c.cy) as
given,

6. DETERMINATION OF 0
Returning to the process that led to (31), it can be shown that

* . prhw
© p:a(/\'——(]) ¢ ’ (54)

Application of (47a) to (54) gives

o _\pj e qu , (55)
r'l

= drip a(k —q)

where, for large enough p, the singularity & lics on the integrand branch cut Im(¢) = 0,
Re (¢) > 7. Although the radical « is itself a function of p, it is advantageous to mimic the
Cagniard-de Hoop (1960) method in developing (55). Thus, a contour in the g-plane is
sought along which the exponential assumes the form e "#, where 1 is real and positive.
Such a contour is defined as

rg.(1y= —tcosp—cresin® ptisindJ(t—1,)/(t—1.) (56)

where
I, =\/r(€;\/rirp)(t+ >1.), p= \/(H—C—;) (57a)
r=J(&+y?), &=rcosd, y=rsing. (57b)

For large enough p, ¢, are both real, with ¢, > 0. Then, (56) describes a Cagniard contour :
two branches of a hyperbola which crosses the Re (¢)-axis between the branch points g = 1,
of x. The Cauchy theorem can be used to change the path I', onto this contour, and for the
case { > 0 (0 < ¢ < n/2) we have

~¥ _1[* e ¥ d¢
©® = ——Re- .
n eP e =t (=) k—q.(1) (58)

The integration variable change 2r = (¢, —¢_)u+t, +¢_ then yields
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-\ e*(cr? hcose '{‘1 e—r‘(p Aipu du
i

O = -—— Re .
n ) Jw =1 k—q.[tw]

(39)

The exponentials show clearly the expected decay of # (and, thus, ) as r increases. Of
interest, therefore, is the behavior of 6 at r = 0, the inelastic zone edge itself. Setting r = 0
in (56). (57) and (59) gives

0, = —-<R ’ﬁ! du (60)

\/(u -—l)]\ qol1)

where the subscript denotes evaluation at r = 0 and

qo() = k+ 5 +py/xlu cos ¢ —iy/(u 1) sin ¢]. (61)

The integrations in (60) can be performed with standard tables, so that for ip ~ oo we have

— 2
@n ~ \? ( f\) (62)
Rk{) \/z

Substitution of {51) and application of (47b) gives, finally,
In (2k) [* 1
0, ~ 2" Le—nl La—a- P v | a. (63)
I,l/; 0 h h

For a step-stress incident wave
G(Y) = 60(0 < Oy K Y) . (64)

{29a,b), (33) and (63) combine to give

-2 2 )
()0 ~ ;1—[}71 In (52‘) (O’O—“(UY) J:) L(t) de. (65)

As indicated by (4) and (53), f is negative while the integral is positive. Therefore, a
temperature increase at the inelastic zone edge right after fracture initiation will not occur
unless

%5 0 (66)

Indeed. a strict equality, i.e. 8, vanishes, gives the same result as that required for frac-
ture, zone growth without thermal effects, ¢f. Nuismer and Achenbach (1972).

For the present situation, insight into the o, required for a given process can be
obtained from . As (50) indicates, @ depends not on crack and zone speed (¢4, ¢). but on



Early transient response in a thermoelastic solid 985

1.0

o8

v 0.6

0.4

0.2

1
00 Ol 02 03 04 05086

C

(]

Fig. 3. w vs non-dimensionalized crack speed.

crack speed and zone growth rate (¢, d¢). Figure 3 shows that w generally increases with
both. That is. for a given ratio g,/ Y. satisfaction of (66) requires that the faster the crack
moves, the lower the zone growth rate must be. Consequently, (65) shows that, for a given
crack speed. 8, varies inversely with zone growth rate. This effect confirms the Zehnder-
Rosakis (1991) observation that concentrating the heat source mechanisms (the zone here)
serves to increase the local temperature.

For further illustration, we consider a generic steel material with properties

| Y
B=—82(10"") . v.=5900,?. m= 184 =000l h=00016Tum  (67)
. :

and cracks with rudimentary zones d¢ « ¢. In addition, preciscly because the zone is small,
we assume that the non-thermal o/ Y-relation is essentially correct, and consider

do =gy—wY = 0.0001y (68)

in order to satisfy (66). That is, the applied stress o, must exceed the non-thermal critical
value by an amount d¢ which is 0(10%) psi. Plots of 0, in Fig. 4 for (67), (68) and various
values of d¢ « ¢ show an extremely rapid rise followed by a leveling-off at values after 1 ns
that are of the order of magnitude noted by Zehnder and Rosakis (1991). Particular
combinations of (g, ¢y) values for the dc¢-cases shown can be determined from (68) and
Fig. 3. Equation (65) is, of course, valid only for a short time after fracture/zone initiation ;
the time range covered in Fig. 4 is chosen only to clearly illustrate the leveling-off of the
O,-increase. For example, a value of ¢, = 0.2 in the material here would produce a crack
extension of 1.18 mm by | us after difraction. Finally, (65) and both Figs 3 and 4 indicate
that the zero-speed (¢ = 0) limit case of pre-fracture inelastic zone growth shows little
distinctive behavior.

1000 T T T
80:0000iu
800 ~m=s1.84 .
6,(°K) - i
400} -
3c=0.00! #
0.003
200 .
0.005
] 1 1 1

1
00 02 04 06 08 10 1.2
time (ns)

Fig. 4. Temperature rise vs time after diffraction.
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Condition (66) is not itself a fracture criterion. although it could be incorporated in
one. For insight into the fracture mechanics of the process considered here. we now study
parameters that are often used in fracture criteria.

7. FRACTURE CRITERION PARAMETERS

In the criteria for Dugdale (1960) models. two parameters that are often used are the
crack opening d, at the crack edge (here, the tail of the inelastic zone) and the rate of energy
production in the inelastic zone (Achenbach and Brock. 1971) per unit length of crack edge.
1 Returning now to the solution {39). we have in view of (34) and (40),

Ut = mta_ [‘ pt 3 a. (k) r
T wptG _(q-n ) n.G,.0)q G, (k)Mk=n_)plk—q)

/ww-cq)%\'(q 1> | pY¥a_P,
P R(x—a’) \x k—q ip’G_(q—n,)

(69)

Examination of (69) shows that the Z-term is analytic for Re (g) < 0, has a pole ¢ = 0 and
a branch cut Im(g) = 0, Re{g) > i,. The Y-term is similar, except that its singularity, at
q = k. lies on the branch cut. The first (a/x) W-term has for large p branch cuts Im (g) = 0,
m_<Re(g)<t_ and Im(g) =0, 1, < Re(g) <m, and poles at ¢ = (n, .k (I =)o)
The second W-term has the sume poles for large p. but its branch cuts are Im{g) = 0,
m. < Ref{gy<i_and Im{¢) =0. i, < Refg) <m_. The final term in (69) has a pole at
¢ =n_, and the branch cuts Im(¢q) = 0. m <Re (g <t and Im(¢) =0, Re(q) > 7, .
Thus, the substitution of (69) into (47a) for & < 0 and the use of the Cauchy residuce theory
gives an expression for U in terms of integration around the right-hand branch cuts of
the various integrands, and residues from those poles in the region Re (¢) 2 0. Substitution
of (51)into U and allowing Ap ~ =« gives a transform suitable for the period right after
fracture. Then, by using (29a,b), (43) and the same type of integration variable changes
used to produce (41), we have

b maY

! Y .
~ e Daserine T NS p s
wlU. ' (w , }:) ¢ + 'y + pinf (0) P2(S) (70)

where

) - o (uv-{»n)\/(l +cw) i1 v
n[’l;(g) = (Jl N()‘f‘ I’, 4u I(I“h.,|> W(‘lﬂv-{;(‘“w)b F+ c dw (7[)

and w-dependence is understood. Equation (70) can be inverted by using tabulated results
(Carrier and Pearson, 1988). In particular, we have

: Hi )
—— —l 72
[o(s—t)—wltlerf (2\/(;”) dt (7))

untu_(E.s) ~ j

]
for —s5 < k& < 0 (ce5s < x < c5). The region of x considered corresponds to the inelastic
zone itself. By symmetry, then,

d, = 2u_(—sk.s). (73)

This region of x also has the advantage that the w-integration of the inverse of the P,
term can be performed by the Cauchy residue theory. ¢f. (70). In any case. (72) demonstrates
that &, does not depend on the thermoelastic parameter . and vanishes both when s =90
and, in accordance with (30d), when & =
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Turning now to the energy rate, it can be shown (Achenbach and Brock, 1971) that

W=2r, J Yu_ dx. (74)

o

Use of (14a). (72) and performing the x-integration in (74) gives

”_";; W~ 25c[o(s)—wYerf (X)]s+c¢ j‘j [e(s—0)—wY]erf (X\/(;)) de

3 9
2 hs
+20Y(l—-e*¥ )\/(7{> (75)

Uy
dc [fs

Like d,, W does not depend on f, and vanishes at 5 = 0.

For insight into the sensitivity of the relation between the inelastic zone/crack speeds
and these fracture mechanics parameters, we once again consider the case (64). Then, (73)
and (75) give

pmtd, ~ 26, —w Y)J‘ crf(X\/(j)) d¢ (77a)
Q
wm® . - ’ s oy hs
y W~ 2o, —wYerf (X)]s+c(ey—wY) | erf{ X ; dt+2wY(l—e™ ) =)
vy 0

(77b)

where

Equations (77) both exhibit the factor seen in 8. Indeed, (66) must again hold for d, = 0,
and its satisfaction would certainly maximize W. Another effect of the weak coupling
considered here is that (d,, W) are not, as they would be in a non-thermal study, ¢f. Nuismer
and Achenbach (1972), strictly lincar in time (s). Another feature of (77b) is that W depends
explicitly on zone speed (c¢), not just zone growth rate (éc).

In Figs 5 and 6, the dimensionless quantities (d,/h, W/uv k) are plotted vs real time for
(67). (68) and some allowable combinations of (¢, d¢). In view of the size of A, Fig. 5 shows
that that the inclastic zone trailing edge (crack edge) separation is micromechanical in scale
for some time after the supposed fracture. This is perhaps consistent with the Dugdale

0.05 T T 1771
[o]
004 |- 005 ~
de | R
h ms1.84
002} 8200001,
0003
ool -1
8¢=000I
1 | 1 )
00 02 04 06 08 10 12
time (ns)

Fig. 5. Crack opening vs time after diffraction.
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Fig. 6. Inelastic zone energy rate production vs time after diffraction.

model and small zone growth rates considered here. Even with (68) imposed. W shows
noticeable variation with ¢, so several curve sets are presented in Fig. 6. [t is noted that,
as opposed to 8, both (d,. W) vary directly with zone growth rate dc.

[n closing this section, it should be noted that dropping (68) and systematically varying
(c.cy) for the case ay/ Y < 0.1 indicated that (d.. H) generally had the same sign. That
is, crack opening appropriately requires energy production, at least right after fracture
initiation.

8. DISCUSSION

This study considered thermal effects associated with rapid, nearly brittle crack propa-
gation under stress wave diffraction. The cracked material was a weakly-coupled thermo-
clastic solid, and the crack edge exhibited a rudimentary inclastic zone of the Dugdale
type, that also served as a heat flux site. A transient two-dimensional analysis valid for the
period immediately after fracture/zone initiation gave expressions for the zone heat flux,
zone edge temperature change, crack opening and the rate of energy production in the zone.

Beyond the inclastic crack-blunting effect, no particular fracture criterion was imposed,
but insight was gained by studying the expressions themselves: for the diffraction of an
incident step-stress wave, it was found that the incident wave stress level, the yield stress,
crack speed and zone growth rate must satisfy a certain inequality. Because the integral
transform of the temperature field in the solid showed the typical exponential decay with
distance from the source (the zone), the temperature at the zone edge itself was examined.
It was found to increase rapidly, then level off with time, and to vary inversely with zone
growth rate. Qualitative agreement with more detailed steady-state results was also noted.
The crack opening uand encrgy rate increased continuously with time, and varied directly
with zone growth rate.

Because we were interested in nearly brittie fracture, zone growth rates were kept small
in computations, in keeping with the vanishing thickness of the zone. Moreover, incident
wave stresses that barely satisfied the aforementioned inequality were employed in com-
putations—a strict equality being the non-thermal limit case. The aforementioned tem-
perature behavior was, therefore, gratifying, since Parvin (1979) has shown that zone
thickness should generally not be ignored in temperature calculations, while Zehnder and
Rosakis (1991) have surmised that a Dugdale zone artificially concentrates heat source
mechanisms.

The limitations of the model employed here went beyond zone geometry : in particular,
the crack and inclastic zone were assumed to grow simultancously at constant speeds,
immediately upon stress wave diffraction or, in the limit case of no fracture, zone initiation
was instantancous. The yield stress temperature variation, as well as that of other material
constants, was neglected. The inelastic zone heat flux function, while not a priori given, was
assumed, as a first step, to vary only with distance from the crack edge.

The other basic limitation, that of a weakly-coupled thermoelastic solid, was perhaps
less restrictive : the dimensionless thermoelastic coupling constant, known to be « 1 for
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many materials, was simply treated as a negligible perturbation in sums with dimensionless
numbers of 0(1). The resulting field equations were generally valid for long and short times
after fracture zone initiation. Indeed, the equations were analogous to fully-coupled static
thermocelasticity.

The crack-blunting requirement gave a relation between the flux function transform
and transform functions related to the yield stress and incident wave stress. An alternative
possibility. for brittle fracture, would be to require that the intensity factor achieve a fracture
criterion-specified behavior. This would again allow a flux function relation. In either case,
this function clearly serves as a useful characterization of both thermal and mechanical
response in the crack edge region. especially when an idealized model is used to represent
what can be complicated local thermo-mechanical behavior.

In performing the study. integral double transforms and the Wiener-Hopf technique
were employed. In general, exact expressions for the various field variable transforms were
possible, despite the presence of a characteristic length that caused the regions of analyticity
in the spatial transform plane to vary with the time transform variable. Only upon inversion
were approximations used and these were valid for the short time ranges considered.

In summary, then, this study did rely on certain idealizations that are not used in other
work cited here. Nor did it provide a complete, thermodynamically-based, fracture mech-
anics model. As the work of Zehnder and Rosakis (1991) shows, numerical schemes capable
of handling more realistic inelastic zone geomcetries are probably ultimately necessary.
However, this study did, as a first step, provide transient results for dynamic loading and
rudimentary inclastic zones, and did allow thermal effects in the elastic material surrounding
the zone/crack. It serves, thercfore, as a basis for further work, and as a limit-case check
on more ambitious transicnt studics.
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